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A Letter of 2)r Wallis to Dr Sloan, concern- 
ing the Quadrature of the Parts of the 
Lunula of Hippocrates Chius , performed 
hy JVfrJohn, Perks; with the further Im- 
provements of the fame, by Dr David 
Gregory, ^«<^ikfr John Cafwell 

TH E S(fuaring a certain Lumh by Hippocrates Chins 
long lince, hath been known (as to the whole Lunuld) 
for many Ages. But (as to the Tarts of it, and "Csvt Ap- 
purtenances thereunto,) Neva Difcoveries have been lately raaae, 
which (I think) had not been confider'd by any before this pre- 
feht Age. 

I received (in November \6^^!)i'covay[x. John Terki (Mafter 
of an Hofpital axOld-SwynforJ m IVorceJier-Jhire, founded by 
Mi, Thomas Foley) a brief account of his^««r/«^ the Portions o^ 
MipPocrttte/s Lunttk ] with which (I prelume) you will not be 
di^Ieafed. 

For the better linderftanding of which ; I fliaU premile as 
known .(becaufe long fincedemonftrated,) That, If on A B ( the 




Chord of ADB, the Quadrantal Arc of a Greater Circle, who's 
Center is C, ) be delcribed, as on a Diameter, a Serai-circle ABE ; 

Rrr This 



This Semi-circle y will be Efml to that §luadrmt. ( Becaufe the 
Squares of their Diameters, are as 2 to i ; And, in fuch propor- 
tJQnare their refpedlive Circles ; and therefore a Quarter of the 
one, equal to Half the other. ) 

AMi Q(?pf?Qiifn%! l^ ^f(^ each ff ^iffej wf fu^^ra^l the 
cof^mop. Segmeni ABD: the Jiemamm^ Lunula AX>W' (on the 
oilefide\ -w^iH bfe Eqcrai tb the ^etfitttniHgTrids^k {onlM other 
fi&) ABC (Or, fiolBiC, fitj^cfic^M bjfe%dmR.} tl^atis, 
to h^lf the S^qwaEe CKi-inrcrihed . in tlip. Lellgr Qird*, ) Which 
^ comiuoniY called, 3'^A? Squaj(it^ ^fitppoci-ms' 3 Jjuniila ; That 
js> ibe '^.vciivc^diReBiT^iem M^Ms \ wljich may he eafyly ifedu- 
ced to a Square ) CQijal tOith^t;^|««»4. 

This heing premiled'; The Point m hand, is, the Squaring a 
given Tortioa of fuch Ljinula : fuppofe ADE, cutt-ofF by a 
Streight Line CDE, drawn from the Center C. Which Mr ?W^j 
( Hot knowing that the like had been befqjfe attempted by any 
Qther ) doth perform; after this manner 5 viz. 

Drawing the Streight Lines E A, and EB { cutting she Arc EB 
i» G,) andi on AG, a perpendioilap.EF, ( which will therefore 
pafe.to the Ccnte? C, becavife Bife6Jfiag AG at Right-angle§ ; ) F^ 
Rigbt-lined Triangle KYEf is equal to ADE, the propoj'ed Pmim 
off he Lunitk. 
His Demonftration is to this purpo^ : viz. 
ADS being a (^ladvantal Arc; the Angle AjQB ^^iil be Tk^fe 
Milves of a Right Angle j ( and its Gbnjun6l A»^ EOA, Malf 
a. Right Angle. ) And that Angle ( being External to the Tmn* 




gle AGE,) is Equal to the Two Oppofite Internals GEA+EAG. 
Whe^-eof QEA ( becaiijfe ajj Angle in the %pic^cIe.,AE3), is a 
Right Angle ; and:therefore E^G is Miilfz I^ght Anglej ( as a*e 
allp FEG, and FEA. ) And the Three Triangles ME, GFE, 

and 



andGEAj ench of them Half a Sj'mre. And AG to AE, as /i 
tsj I ( pKoporftQa^ to the, Refpectiye i^^^/? of the Two Circles. ) 
Ahi^eLike SegmdntSi ADGj AEj in their Refpefilive Circles 
( as the Sqaares of their Refpedtive jRa^ffi ) as 2 to i . And there- 
fore the Semi fegmenc AFD, equal to the Segment AE. And con- 
ieqoentljr ( ons. taking tifoiti thg Triangle as much as the other 
addes to'ir) tfete Twmn'(>f thei:lSnuUK'Qf', eqiiaito the i'rim- 
^/(? AFE, Which was to be Demonitrated. 

( I tike the liberty (both in this and the things that follow ) to 
vary fomewhat front the Authors !W^ords, ,( b»t to the fame fenfe, 
and without arty difadvantage to Them^) fb as to Defign the lame 
Refpective Points ( in all the Figures ) by the fame Letters. 
Whichriiakes it fomewhat :Shoptcr( without Repeating the larae 
Conftruilion anew for every Figure;) and prevents theConfu- 
fion which might arifo to the Fanfy, if the fame Refpe^ive 
Points, in foveral Figures, were deCgned by different Leitters; 
and the lanfe Letters, in the different Figures, defign different 
Points. ) 

If the Point E chance to be in K (the middle of the Arc AEB) 
there; will be no Interfeilion at G ( the Points G,B being then 
coincident, but without any difturbance to the Demonftration : ) 
If it happen beyond it, toward B; then G will be on the other fide ; 
and what. IS here fayd of EGB> mnrt be accommodated to EGA: 
which things are fo obvious, as not to need any long difoourle. 

The; whole proceeds upon, the lame general notion with that 
of fqitariug the whole Ljtnidi. (and fome other Curve-lined Fi- 
gures; ) that, if as much be adiied to the one fide, as isi taken from 
the other, the Equality remains. 

Andtheftrefs of the Demonftration, is, to prove the ftgraents 
ADG and AE, to be like Se^ents\zvA therefore Proportional to 
their Refpe^live Circles; the Whole of one,equal to Half the other. 

The Ground of the \vhole Procefs is plainly this, The Angle 
ACE, being an Angle at the Center of the Greater Circle, but at 
the Circumference of the Lefler, the line CDE ( as it pafleth from 
CA to GB) doth, in the lame proportion, divide the Quadrantal 
Arc ADB, and the Semicircular AEB : whence all the reft doth 
naturally follow. 

And this is Applicable to other Lunak's ( befide that of Hif~ 

pocr a fes) it' {hy altering the Angle at F, or otherwife,) we take-in 

fuch a Portion of the common Segment ABD on the one fide 

(inftead of AE cut-off on the other fide) as the Proportion of the 

two Circles requires. 

R r r z I (hewed 
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I fhewed this Qvmdrature of Mr. 7^rh to Dr. T^avid Gregwy 
( our learned Profefer of Aftronotny at Oxford^ ) who gives his 
Opinion about it ( with his Improvement of it ) in a Letter of 
his to me ; which I fhall give you in his own words, 

"Reverend Sir, The §lmdratare of the Parts of the Lunula of 
^'Hippocrates Chius, By Mr. Terks ( which you Ihewed rae ) is 
" very Elegant. 

" I remember, the like was done, fome years fitice,by Mopfieur 
" Tchirnhaufe ; who afligns, as equal to the fame Portbn, no| the 
"fame Tr/angle with that of Mr. P(fr4r, bnt another Equivalent 
" thereunto, (as I fball fhevf by and by.) We have his Theorem^ 
"in iht^Sfa Lipfia, for the Month of 5'(?/>/m^«", 1687. But, 
" without any 'Demonjlrattm. 

" But, both the One and the Other, feem not to have confidered 
" this affeir in its full extent. 

" For, if you compleat the Two Circles, whole Arcs contain 
" the Lunula oi Hippocrates; the lame is true, as well of the Pomts 
" in the other Semicircle ACB,as of thofe in the Semi-circle AEB; 
" and, for the fame Reafons. As appearis in the Scheme annexed, 
" wherein I have mark'd the Points in the Semicircle ACB, (cor- 
"refpondent to thofe of Mr. Terhs in AEB,) with the correfpon- 
"dent fraall Letters of the Roman and Greek Alphabets. 

"If Mr. Terks had made his conftru6lion univerfal; by m*- 
^'king both E A and EB, meet with the Greater Circle, (which he 
''might have done by protra^ing thefe Lines and the Greater 
''Circle 'till they meet ; ) he might have found that the Portions. 
" of the Spaces A t CM, BHCNj (fuppofing MCN parallel to AB) 
"are Quadirable as \vellas thoie of Hppocratess Lunula: And 
"that E Ay being aftreight Line, the Portion AED of Htp- 
'■'■ pocratesh Lunula y is to A 8<r ( the Correfpondent of, A «C M ) 
" in the Duplicate Proportion of C? to A i. For E Rs (at R the 
"Center of the Lefler Circle) is, in this cafe, a Right Angle. 

"Moreover; if you take any Point « in the Semi-circle ACB, 
"and proceed according to Mr. P^r/^'s conftru6lion Univerfalized 
"as above-faid; you will find, on the one fide, ihtTrilmeuni 
"■Aii- (contained by the ArcsAf, A^, and the flreight line s <f) 
" equal to the Reitilineal Triangle A ««i. And, on' the other.fide, 
" the Tri/ineum contiititd by the Arc B « (,the Gomplementof e A 
"to the Semi circumference,) and the Arc B d ( the Gomplemeijt 
<'of A-T to the Fourth part of the Gircumference,)and the fteight 
"line 8 4, (that is, the Tri/nieum -BHCd dirainilhed by the Se- 

"gment 
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« gtnent C «; ) to be equal to tKe Re6lilineal Triangle B s E Ati(J, 
" that thofe two fpaces A s S', and the difference of BHCd fronr 
"the Segment C« (parts of the /<«««/«• ACBgv A ) taken to- 
"gether, are equal to the Triangk ACB,; as well as the two 
" Spaces AED and BED, parts of me JUtnula oi Hippoaates. 

" So that, upon the whok, it appears, that the Two Circles' 
"( containing the /.«««/« of //^/)oavi/^j) being completed ; this 
^^ Lunula AEBGA, and the other ACBg> A,,niake up one Syftera^ 
"and a.rt Conjugate Figures. 

« For, (drawing a llreight line COE,or C « .fjor C « d,at pleafure 
" through C the .Center of the Greater Circle, and cutcingihofe 
" two Circles, ) the Space contained within two Arcs ot thck two 
"Circles and part of the faid ftreight line, (as AED, or A « S; or 

"BHed,) 



"BHs d,) is equal to the Re6lilineal Triangle AEF, or A «?, or 
"Bsf, refpeilively. 

" And it fb happens, that, if this line going out from C, be on 
" the lame fide of the Diameter MN with the Lunula of Hippo- 
*■'■ crates \ the forefaid Space (which receives a perfedt Quadra- 
" ture) is fblitary ; ( ftch as are the Parts oi Hippocrates'^ Lunula \ 
" and of the two Spaces A « CM, BHGN ;which therefore are Parts 
" of the Lunula more nearly relating to one another.) 

" But if that Line going out from C, be on the other fide of 
" MN ; then the Space which is equal to the Rectilineal Triangle, 
"is, the 'Difference of tWo Mixtilineal Figures, ( the one a Tri- 
"lineura, the other a Segment of the Lefler Circle,) as is above- 
"laid.; neither of which can be Iquared feverally. 

" All thefe particulars are plain from Mr. Perks's Demonftra- 
" tion ; which, with a little variation ( fuch as is ufual in the dif- 
" ferent Cafes of the lame Theoreme') is applicable to all of them : 
" though perhaps he was not aware of it. 

"In the Dimenfion of the Va.ns oi Hippocrates'^ Lunula, 
" it might perhaps be expeiled, that the Triangle affigned equal to 
" a Portion of the Lunula, fhould be Part of the Triangle to 
" which that whole Lunula is wont to be affigned equal ; ( that is, 
" that the Triangle affigned equal to the Portion ADE, fliould be 
" the refpedive part of ACB which is equal to the whole Lunula; ) 
" which in that of Mr. Perks is not. 

"But, in that of Mr. Tfchirnhaule {aho'vt-mtmiontdi ) it is lb, 
'' which is to this purpole. 

" If from any Point E, in the circumference of the Lefler Circle, 
" we let fall on AB, a Perpendicular cutting it in L, and draw the 
" line Ca^ :; the Triangle CA^/, is eq wal to the Portion of the Lit- 
^mk AZDi ( Aadyc^alequently) the Tiriangle CBL, equali to 
"thePortioaBED.), . 

** W'hidi ( becattfe Mr Tjchkahdufe hath ilotat all done it ) 
" I fhdi briefly Bemonftrati, fb ste the Demoriflifation nlay reach 
^ the Pmions of the Cottjugate Space ACB g y A. 

" For the Triangles AC6, AEF, are likeTriangl^ each being 
'^ the half of a Square: Arttl therefore, by ipel. tf* th6 Tl-iatigle 
" ACB is to the Triangle AEF in the duplicate prdportiofl of BA 
" to AEj that is, by 8, d.6>, a^s BA is to AL. But, by i. el. <5, the 
« Triangle ACB is to the Triangle ACL as B A is to AL. There- 
'*Fore, by p. el; y, the Triangles ACL aBd AEF are equal. But 
« the Ti-iJingte AEF is (by Mt Perks ) proved equal to the Por- 
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« rion AED. And therefore the faid Portion AED is alio equal 
** to th« Triangle ACL. 

"lam, Sir, Your&c. D. Gregory. 

MrCa/wJf^hadaCght of this Quadrature of Mt Perks (be- 
fore Dr Qregme or 1 bad feen it ; ) And had given a Specimen of 
its being capableof further Improvement. But, without having 
Leifure, or giving hirafelf the Tronhle, of purfuing it through 
all its Appendages. I would ( with his leave ) have here m- 
lerted that Specimen : But he chofe rather to decline it ; faying, 
He thought it needleft, becanfeDrffr^^snVhad, fince, done the 
like more lully. 

The Refult of it. is to this pnrpofe ; On the Center B, he. 
draws by A, ^ Third Circle y which forms another LmnuUi , 
than that cM Hippocrates : And he doth (very dextroufly) Square 
the Tartions oi mvs, Ijinulti. And doth thereby let its in, to a New 
Syftem, which may be purfued in like manner as Dr Gregorie 
hath done that ofi Hippocrates. 

After thefe learned Difquifitions, on fo trite a Subject ; it will 
not be needful for me to fay much. I Ihall but briefly Compare 
the Two Quadratures of Mr TfchirnhauJ'e and Mr Terki, (where- 
in they Agree or Diifer with each other. ) And then Ihew, How, 
by either of them, to Divide the Lmula m any Given Proportion. 

ManfieHr 27f-6»-»<&<i«/^; Letting fall, from E (on AB\ a Perpen- 
dicular EL, determines the Triangle ALC equal to toe Portion* 
ADE. 

Which being admitted ;, We may 
thus Kvide the Lanultf m. any 
Given Proportion. If we divide 
AB, at L, in fuch Given Proporti- 
on ; CL will, in the fame propor- 
tion ( becaufe of the Common Alti- 
tude ) divide the Triangle ACB 
( which is equal to the Whole Jju- 
fmlii.,) And LE ( ere^ed ac Right 
Angles o;i ALB) will determme 
the. Paint. 6; from whence if we 
draw, to C,' the Streighc line EC, t^is will,,'at BE, divide the 
Lmula in die- fetne Proportion. 

Mr T^i^r Q*! EDC, drawing, the Perpendicular AF , de- 
terffliiiea tb&. Ssmi^quadrate AFE , equal to the propofed. Por^- 





tion ADE. Which Semi-quAdrate, is 
a iJhe Figure^ and a Bk^ Jituate to 
AE, asisACBtoAB. 

And therefore (becaufe like Fi- 
gures are in the Duplicate Proportion 
of their refpedive Sides ) If we fb 
infcribe AE,-as that the Square of 
AE be to the Square of AB, in fuch 
Given Proportion, the Lunula will 
G at DE, befo divided asj^is required. 
And this will hold ( if duly appli- 
ed, according as the different Cafes may require ) though E be 
t^kefl - ( in the Continuation of the Semi-circle) beyond B. For 
( {till ) Like Figures, will be in Duplicate Proportion of their 
jRefpe<9:ive Sides ; and C E = C D ± D E. And the fame is'yet im- 
proveable much further. 

I forbear to Apply this to the levcral Parts of tHfe whole Sy- 
fteme, confidered by Dr dregorie, { Or to that of Mr CafvOell, ) 
that i be not too Teadious. 

Much lels fhall I give my felf the trouble toconGder the Solids 
to be made by the Converlion -of it, or ofitsrparts, about a given 
Axis, (as MN»6f AB> or AC, or BC,&C. ) with their Surfaces and 
Centers of Gravity; as I have done elfewhere for the CycMd,: 
But fuch as are at Leifttre,(attd think it wprdx the while, ) may 
do jt by fuch like Methodesias I.have made ufe of forthe Gycloide, 

lam STM^ 

Tours teferve /o«, 

JOHN fT ALL IS, 

Pofl-fcript. 
In the TranfaB'tom for the yion^pi Amtfl lall paft; Numb, zyf, 
A Let^ej of mine, is very faultyly Printed. I defire that the Errata 
may be thus Corre6led. 

Pag. 280. /. 14. ut ait. jf. 48r./. ly. diflfermtias infinitelMlas. f. t8i. /. i*. ^nt 
antea,)_ reram Novitas, /. 14. Meffis. /. ij. Et quidem. /. \6. Atque hinc 
/. 17. natura. /. xi. Academia. /. 25;. ttapf^. /. 33. inifi. />. iSj. /. 5. ddjpetatnm; 
/. ir. ?>Mtc\. l.ij. itinere. /. 25. adbmat. /. 33. Coeno. /. 284. /■ i. Wa. iij. 
redenhdo) fenfini', /. 17. motibus. /. 19. penitius. /. 11. materia, l.,^l. per- 
pendiculum ereftos ) ad. /. 24. lonpo traftu. /.ly. prafe. /. 29. Multaque. /. jo. 
annos. / 31. deprompta) mihi fidentur hue. i. 32.alib. /.34. coenofuni, turoi- 
dum. /jy. lWamo.l.vlt.rhf^ordiV. S. Augi 29. x6<)^. JhwlAhieve ftoodiU Un. zo. / 

ivjumb. 2j7.^. 34^. /. II. the Solar Trofkdytas.f. 349. /. a. fuggeftedty./'. 3f i. 
/, 34. ftands thus. 



